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staggered chiral perturbation theory 



O 
(N 

X) 

\o 

(N 



> 

m 
in 



Jon A. Bailey, Weonjong Lee, and Boram Yoon 
Lattice Gauge Theory Research Center, FPRD, and CTP, 
Department of Physics and Astronomy, Seoul National University, Seoul, 151-747, South Korea 

(SWME Collaboration) 
(Dated: February 27, 2013) 

We calculate the axial current decay constants of taste non-Goldstone pions and kaons in staggered 
chiral perturbation theory through next-to-leading order. The results are a simple generalization of 
the results for the taste Goldstone case. New low-energy couplings are limited to analytic corrections 
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I. INTRODUCTION 

The decay constants /tt and /k parametrize hadronic 
matrix elements entering the leptonic decays of tt and K 
mesons. The values of the decay constants can be com- 
bined with the leptonic decay rates from experiment to 
extract the CKM matrix elements \Vud\ and \Vus\ and 
test first-row CKM unitarity. Tighter constraints on new 
physics are obtained by taking the ratio fx / fn and the 
form factor for the semileptonic decay K -> irii/ as the- 
oretical inputs; doing so has led to impressive agreement 
between the Standard Model and experiment [if, [3| • 

Staggered quarks have 4 tastes per flavor by construc- 
tion [3713] ■ The full taste symmetry group for a single 
massless flavor is SU{A)l x SU{4:)ji in the continuum 
limit (a = 0). At finite lattice spacing, lattice artifacts of 
^(a^) break the taste symmetry, and the remaining ex- 
act chiral symmetry is U(1)a, which is enough to prevent 
the staggered quark mass from being additively renor- 
malized. Hence, staggered fermions have an exact chiral 
symmetry at nonzero lattice spacing. In addition, lattice 
calculations with staggered fermions are comparatively 
fast. Staggered chiral perturbation theory (SChPT) was 
first developed to describe the lattice artifacts and light 
quark mass dependence of lattice data for the pseudo- 
Goldstone boson (PGB) masses [H41]- Lattice data were 
extrapolated to the continuum limit and physical quark 
masses to determine the light quark masses, tree-level 
PGB mass splittings, and low-energy couplings (LECs); 
these served as inputs to lattice calculations of the decay 
constants, semileptonic form factors, mixing parameters, 
and other quantities [9l-[27|. Lattice calculations of f.^ 
have become precise enough to use it to determine the 
lattice spacing [28j . 

While there have been a few attempts to calculate 
the decay constants for the taste non-Goldstone sectors 
[29I Isoj , most lattice calculations of the decay constants 
have been concentrated on the taste Goldstone sector as- 
sociated with the exact chiral symmetry of the staggered 



action. In Ref. |3l|, Aubin and Bernard calculated the 
decay constants of the taste Goldstone pions and kaons 
through next-to-leading order (NLO) in SChPT. Here we 
extend their calculation to the taste non-Goldstone pions 
and kaons; we find that the general results are simply re- 
lated to those in the taste Goldstone case. We use the 
notation of Ref. [s^ throughout. 

In Sec. in] we recall the staggered chiral Lagrangian 
and the tree-level propagators. In Sec. IIIII we consider 
the definition of the decay constants, recall the various 
contributions through NLO in SChPT, and write down 
the general results in the 4+4+4 theory. Sec. IIVI contains 
the results for specific cases of interest in the 1+1+1 
theory, and we conclude in Sec. El We use the notation 
of Ref. [ill throughout. 



II. CHIRAL LAGRANGIAN FOR STAGGERED 
QUARKS 

In this section, we write down the chiral Lagrangian 
for staggered quarks. The single-fiavor Lagrangian was 
formulated by Lee and Sharpe |5| and generalized to mul- 
tiple fiavors by Aubin and Bernard [3|- Here, we consider 
the 4+4+4 theory, in which there are three fiavors and 
four tastes per flavor. The exponential parameterization 
of the PGB fields is a 12 x 12 unitary matrix. 



S e'Hf £ u(12), 



where the PGB fields are 



Da K 



(1) 

(2) 

(3) 
(4) 
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Here a runs over the 16 PGB tastes, and the are 4x4 
generators of U{4:)t; £,i is the identity matrix. Under a 
chiral transformation, S transforms as 



SU(12)l X SU(12)fl : E ^ LEi?t 

where L, i? e SU(12)L,i?. 

In the standard power counting, 



(5) 



(6) 



The order of a Lagrangian operator is defined as the sum 
of n. 



J ' I'm 



and 71^2, which are the number of derivative 
pairs, powers of (hght) quark masses, and powers of the 
squared lattice spacing, respectively, in the operator. At 
leading order, the Lagrangian operators fall into three 
classes: (71^2, n,„, n(j2) — (1,0,0), (0,1,0) and (0,0,1), 
and we have 

^LO =^Tr(a^E9^St) - i/i/2Tr(A/S + A/S+) 

+ ^{Ui + Di + Sif + a\^ + ^'), (7) 



where / is the decay constant at leading order (LO), /i 
is the condensate parameter, and M is the mass matrix. 



' TO„ 

M = I rud 
m, 



(8) 



The term multiplied by uiq is the anomaly contribu- 
tion (ssj, and the potentials and are the taste 
symmetry breaking potentials of Ref. ■ 

At NLO, there are six classes of operators satisfying 
Up-i + + 71^2 ~ 2, but only two classes contribute 
to the decay constants: (71^2,71^,7102) = (1,1,0) and 
(1,0,1). Contributing operators in the former are Gasser- 
Leutwyler terms [s^ ]. 



^GL =L4Tr(a^Sta^E)Tr(x^S + x^t) 

+ L5Tr(0^I]t5^s(x^S + St^)) , 



where x = 2fiM^ and contributing operators in the latter 
are ^(pfa^) terms enumerated by Sharpe and Van de 
Water 13511. 



III. DECAY CONSTANTS OF 
FLAVOR-CHARGED PSEUDO-GOLDSTONE 
BOSONS 




(b) 



FIG. 1. One-loop diagrams contributing to the decay con- 
stants at NLO. (a) is the wavefunction renormalization cor- 
rection and (b) is the current correction. The propagators 
include all insertions of hairpin vertices. 



From the LO Lagrangian, the LO axial current is 



j^m (^^sst _^ E^a^E)] , (11 



where T"''-^^ = /s CSi T", I^is the identity matrix in flavor 
space, and is a projection operator that chooses the 

P+ from the S field. For example, for 7r+ it is ^^^j^ = 
5ii5j2- In general, ^ij* = Si^Sjy, where x and y are the 
light quarks in P"*". For flavor-charged states, x ^ y, hy 
definition. Note that and T"'^^^ commute with each 

other. 

Expanding the exponentials E = e'^'t'/t in the LO cur- 
rent gives 

9^EEt + Et^^E = jd^cj) 



3/ 



3 _ 20a^# + ^^d^4>) + • • • . (12) 



The ^(0) term of the axial current gives the LO term 
of the decay constants, /, and NLO corrections from 
the wavefunction renormalization. The wavefunction 
renormalization consists of NLO analytic terms and one- 
loop chiral logarithms at NLO; we denote the former 
by f^/pT''^ and the latter by The ^(0^) ^^^^ 

(9) of the axial current also gives one-loop chiral logarithms 



at NLO, 5/™"™*. Figs. 1(a) and 1(b) show the one-loop 
corrections to the decay constant. In addition, there is 
an analytic contribution to the decay constants from the 
NLO current. We denote the total of the NLO analytic 
terms by (5/?,"^', which consists of Sf^_^^'^ and analytic 

terms from the NLO current. Combining Sf^}^^ with the 

one-loop corrections, we write the decay constants up to 
NLO: 



For a flavor-charged PGB with taste t, , the decay j 



constant /p+ is defined by the matrix element of the axial 

current, jj^r^^, between the single- particle state and the 
vacuum: 



\P+ip)) - 



(10) 



1 



167r2/2 



current 



51 



anal 



(13) 



In this section we outline the calculation of 5J^ 



s j'currci 

theory. 



anal 



, and 8fp+ 



and present results for the 4+4+4 
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A. Wavefunction renormalization correction 

At the axial current, Eq. ([TT]), is 

/ (5^0;.) , (14) 



Jfj.5,t 



where we used Tta = 4:Sta, = SixSjy, and performed 

the trace over taste indices. Here Tabcd--- is defined by 

T,6cd... = Tr(r'^T^T=r''---). (15) 

The contributions of the G'{(f)) current to the decay con- 
stants are defined by the matrix element 



PHp)) = f{-wMUP^ip)) (16) 
= f{-ip,)^^, (17) 

1 + 5Zp+ is the wavefunction renormaliza- 
tion constant of the field. At NLO the wavefunction 
renormalization corrections are 

1 ^ „7 „ „anal 7. 1 



where Zp+ 



167r2/ 



anal,Z 



1 rfS 
2d^ 



— — IIL I 

(18) 

where S is the self-energy of . Using the self-energy 
from Rcf. [3^ . we find the one- loop corrections 



24 ^ 



Q 



(2^)4 I 



xyj 



(19) 



where Q runs over the six flavor combinations xi and 
yi for z G {u, d, s}, a runs over the 16 PGB tastes in 
the 15 and 1 of SU(4)t, Qa is the squared tree- level 
pseudoscalar meson mass with flavor Q and taste a, and 
0'''' = jTabab- In Eq. (HH), l{Qa) and are chiral loga- 
rithms and the disconnected piece of the tree-level prop- 
agator, respectively (tI. [32j: 



l{X) = x(^\nX/A^ + 6i{VXL)y 



(20) 



where Sii^VXL) is the finite volume correction of Ref. 
and 



6a 



(21) 



Here the names of mesons denote the squares of their 
tree-level masses, and 



Si=4ml/3, (5^. =0, ,55 = 



a 0- 



a 0, 



(22) 
(23) 



For X e {I,J,U,D,S}, 

Xa = = 2^m^ + a^Aa, (24) 

where rrix is the mass of the quark of flavor x G 
{i, J, u, d, s}, while for X £ {tt*^, r;, 77'}, the squares of the 
tree-level meson masses are the eigenvalues of the matrix 



^Ua + 5 a 5 a 5 a 

5a Da + 5a 5a 
5a 5a Sa+5aj 



(25) 



The squared tree-level mass of a flavor-charged meson 
(7r±, K^,K°,K^) is 



P+ = -{Xt+Yt)=^l{mx+my) + a^At, (26) 



where X e {U,D,S} and x ^ y e {u,d,s}. The 

hairpin couplings 5'y and taste splittings are com- 
binations of the couplings of the LO Lagrangian ■ 
We defer discussing the analytic corrections Sf^^'^ to 

Sec. Imcl 



Current correction 



The 6'{(f)^) terms of the axial current are 



■Jfi5,t 



(27) 



In the calculation of the matrix element defined in 
Eq. (fTO)) . each term of Eq. pT]) contributes only one 
contraction because the derivatively coupled fields in the 
current must contract with the external field to obtain a 
nonzero result. For example, the first term gives 



da^^.,.cl)l,cl)?^ -> -tp^,d*''5''K'^ii^, (28) 



^tiVykVklVl 

where 0, [H [H 



ij,kl 



^a 



(t)li) (no sum). 



(29) 



= 5'^' [ 5u5,k 



1 



q' + Wa + Ja) 



+ 5,,5klDti 



(30) 



Collecting the three contributions from Eq. (P7|. we 
find 



6/^ 



E 



, (31) 



4 



where j runs over {w, d, s}. Performing the integrals over 
the loop momenta gives the one-loop current corrections 
to the decay constants: 



Sf 



■current 

p+ = 



a I Q 



(2^)4 



{d°- 



(32) 



Note that 5,fl 



is proportional to the one-loop wave- 



function renormalization correction, 5fp+ . This was 
shown in the taste Goldstone case in Ref. ISll. 



C. Next-to-leading order analytic contributions 

Now we consider the NLO analytic contributions to the 
decay constants. They come from the ^{p^m) Gasser- 
Leutwyler Lagrangian in Eq. dH) and the ^ip^a^) Sharpe- 
Van de Water Lagrangian of Ref. [s^ . Both Lagrangians 
contribute to wavefunction renormalization and the cur- 
rent. 

The analytic corrections to the self-energy [s^l give the 
wavefunction renormalization correction 



c ranal.Z 



64 
f 



f 



r 



(33) 



while the NLO current from the Gasser-Lcutwyler terms 
gives the current correction 



c- pCurrcnt.GL 



128 
7 



2 Li^i{mu + nid 



16 
1 



+ my). (34) 



The contributions of the ff{p^a^) operators co ming 
from the Sharpe-Van dc Water Lagrangian in Ref. [35| 
give the current correction 



Sf 



current, SV 



(35) 



The LECs 'rft and ^/ are degenerate within the irreps 
of the lattice symmetry group. Sharpe and Van de Wa- 
ter observed that contributions from the ff^p^o?) source 
operators destroy would-be relations between the S0(4)- 
violations in the PGB masses and the (axial current) de- 
cay constants fssj . 

Collecting the analytic corrections, we have (in the 
4-1-4-1-4 theory) 

jyanal ^^2.4^(m„ + JTld + nis) 

+ —L^^.{mx + my) + a^,^t, (36) 



where the constants subsume the constants . Ex- 
amining Eqs. ([5^. and we see that the con- 
stants ."^t (for t ^ 5) are the only new LECs entering the 
(NLO) expressions for the decay constants, in the sense 
that the others are present also in the taste Goldstone 



IV. RESULTS 

To formulate the full QCD and (partially) quenched 
results in rooted SChPT, we employ the replica method 
[37l - l39j . Rooting introduces a factor of 1/4 in front of 
the explicit chiral logarithms l{Qa) in Eqs. and ([5^ 
and in the L4 term in Eq. ((36|) . We must also replace 
the eigenvalues of the mass matrix with those of the 
matrix obtained by sending 5a — >■ (5a /4 there. We have 



^fpt 
6,f 



anal 

p+ 



^jcurrcnt ^ ^ 



16 



con I X f disc 
p+ + "Jp+ ; 



—L5fi{mx + my) + a'^^t, 



where 



SfpT = - 



32 ^ 



93 1{Qb), 



(37) 



(38) 



(39) 



X i'disc 

ojp± = -27r 



AD"" 
4:D: 



XX 

A 



-AD 
-AD. 



V 

yy 
A 



D^ — 

^yy ^^xy 

2Q^^dZ^. 



2Q^^Dty 



(40) 



In Eq. pOj) . the flavor- neutral, tree- level masses 
(7r°, 77a, rj'g) appearing in Z?°- have been replaced with 
the masses obtained by sending 5a — >■ 5a/ A in the flavor- 
neutral meson mass matrix. In Eqs. ([5^ and PO]) . we 
summed over a within each S0(4) irrep in Eqs. (|19p and 
([32]) . B and F represent (taste) SO (4) irreps. 



{/,F,r,A,P}, 



t e F, and 



aS-B 



El- 

aeB 



(41) 



(42) 



The coefficients O are given in Table H The loop cor- 
rections differ from those in the taste Goldstone case only 
in the values of the coefficients Q^^ . 

Eq. (|38p subsumes the NLO analytic corrections in 
fully dynamical and partially quenched SU(3) SChPT; 
in the former case, m^ 7^ my are chosen from m^, m^, 
and ms- In the quenched case, the L4 term is dropped. 
To obtain the NLO analytic corrections in SU(2) SChPT, 
we drop terms with the heavy quark mass(es). and the 
LECs become heavy quark mass dependent [40| . 
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TABLE I. The coefficient 9^^ defined in Eq. (|42j is in row B and column F. 



B\F 


P 


A T 


V 


I 


V 


-4 


2 


-2 


4 


A 


-4 


-2 


2 


4 



Below we give the one-loop contributions to the de- 
cay constants for each of these cases. In Sec. IIV A II and 
Sec. IIV A 21 fully dynamical and partially quenched re- 
sults for the 1+1+1 and 2+1 flavor cases in SU(3) chi- 
ral perturbation theory are given. The analogous re- 
sults in SU(2) chiral perturbation theory are presented 
in Sec. IIVBI In Sec. IIV A 31 we write down the results in 
the quenched case. 



A. SU(3) chiral perturbation theory 

1. Fully dynamical case 



In Eq. p9p Q runs over six flavor combinations, xi 
and yi for i € {u,d,s\. Setting xy = ud, us, ds gives 
the results for the tt"*" . , and in the fully dynamical 
1+1+1 flavor case: 



SflT 



r i"con 



32 



32 



con 



liK+) + liDB) + l{K%)), 

3 

+ 21{K+) + 1{K%) + 1{Sb)). 

3 

+ 21{K%) + 1{K+) + 1{Sb)). 



32 



(43) 



(44) 



(45) 



In the disconnected parts, Eq. ( l40| . the integrals can be 
performed as explained in Ref. [7|. After performing the 
integrals and decoupling the r]j by taking TOq — >■ oo [33| . 
we find 



+ i?g^„,(X,)?(X,) - 2R^^o^{Xi)l{Xj)} 

^a'6'y{2R^^o^^,{Xv)liXy) 

+ 2R%lo^^, {Xv)l{Xv) - Rlonn'{Xv)l{Xv)^ 



(46) 



5ff^ = E 
+ R 



X 
UD 



\[r^',.^{Xi)1{Xi) 

'^o^{Xi)l{Xi)-2R^o^{Xj)l{Xj)] 
\aH'y[2R^^^,,^,^,{Xv)l{Xv) 

+ 2i?^^,,^,^,(Xy)Z(Xy) - e^^i?fo^^/(Xv)/(Xy)| 



+ {V ^A) 



(47) 



5fti - E 

X 

I r/UD 



\[Rllor,{Xi)l{Xi) 

-^o^{Xi)l{Xi)-2R\{Xi)l{Xj)] 
- i5y 1 2R^lo ,^,y{Xv)l{Xv) 
2Rs^0jjjj,{Xv)l{Xv) - R^o^^,{Xv)liXv)^ 



+ iV^A) 



(48) 



In the sum, X runs over the subscripts of the residue, R, 
where the residues are defined by 



IlB.^xi^^F - XfY 



where X e {Bi, S2, . . . , B„} and F e {V,A,I} is the 
50(4)t irrep. 

The results in the 2 + 1 flavor case are easily obtained 
by setting xy = ud, us and m„ = m^. Eq. gives 
connected contributions for the tt and K: 

B 

SfZ' = -^Y.SB{2l{7rB) + 31{Kb) + 1{Sb)). (51) 

B 

Setting xy — ud, us and m„ = rrid in Eq. (j40|) gives 
Sff;^ = la'S'yii-e''^)Y,Rl^,,iXv)liXy) 

X 

+ iV^ A), (52) 
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and 



X 

- nm) 

v)l{Xv) 

X 

-Q''^Rr„'{Xv)l{Xv)] 

where RbiB2{^f) is defined by 
( 1 

RBiBiiXp) 



(53) 



B2 Y Bi 

Bi — B2 



{Xf = Bi) 



{Xf 



Bo 



(54) 



Using the tree-level masses of the taste singlet channel, 
one finds 



i?^,(7r,) = -, i?^,,(,y,) = --, (55) 
i?5„(5,) = 3, i?5„(r;,) = -2. (56) 
They sinipHfy the results, Eqs. and ((55)) : 



<5/^'- = ^a%(4-e^^) 
Sv - Vv 



Sv — TTy 



(Try ~ 77y)(77^ - riv) 
Sv - Vv 



livv) 



K^v) 



(Try - iv)i'nv - Vv) 
+ {V^ A), 



-Jiv'v) 



(57) 



masses, m„, rrid and to,j. The connected contributions to 
the decay constants in the partially quenched 1+1+1 fla- 
vor case are 



(59) 



Performing the integrals in Eq. (|40)) keeping all quark 
masses distinct gives the disconnected contributions for 
the partially quenched 1+1+1 flavor case: 



^ ydisc 



E l{D^xXxiZi)l{Zr) 
z I 

+ D^XYiZ')l(Z') 2R^^'}%{Zj)l{Zi)} 
\aH'v{2Dl%^.^^{Zv)l{Zv) 



+ 2D'^^.%^,y{Zv)l{Zv) 



- e^^i?5[?^o,„,(Zy)/(Zy)} + {V^A) 

\[r^^%{Xi)1{X:) + R^^.%{Yi)l{Yi)] 

\aH'v[RTJ.„'i^v)l{Xv) + R'^%^,{Yv)l{Yv)] 

(60) 



where 



D 



AiA2---Ak 



{Xf 



^t'tS^F) (61) 



OB, 



disc 



12 



2x' 



3?(7r/)- 5^(77/) +6/(5/) -4^(777) 

Sv — TTy 



^(Try) 



(yyy - Try) (77^ - Try) 

(Try - T^y)^ + {Sv - W f 
(Try - 77y)(r7^ - ?7y)('5'y - w) 
(Try - v'v? + (Sv - v'v? 



livv) 



(Try - Vv)iVv - ?/y)(5'y - v'v) 

TTy — Sv 



—Av'v) 



{r]v - Sv){Vv ~ Sv) 



KSv) 



2 i]v - rjy 



^-^{Kvv)~Kvv)] 



+ {V A). 



(58) 



2. Partially quenched case 



In the partially quenched case, the valence quark 
masses, rux and my are not degenerate with the sea quark 



and 



1{X) 



lnX/A^ + 1 +S:i{^/XL) 



(62) 



Here 5^{y XL) is the finite volume correction defined in 
Ref. 0, and X and Y represent the squared tree- level 
masses of xx and yy PGBs, respectively. 



For rrix = Tiiy, we find 



5r 



disc 



a%(4-e^^) 



{Xv)l{Xv) 



+ E^W.x(^v^)'(^^) 



+ {V^ A). 



(63) 



The connected contributions in the 2+1 flavor case are 
obtained by setting m„ = in Eq. (|59l) . To obtain the 
disconnected contributions, we perform the integrals in 



7 



Eq. (|40p setting m„ = rud- For m^; 7^ ruy, we find 



and for 



E 



\{dIIx{Zi)1{Zj) 



+ D 



,y{Zl)l{Zl)-2Rfy^{Zl)l{Zl)] 



+ \aH'y[2Dl%^,,AZv)l{Zv) 
+ 2Df^^,^y{Zv)l{Zv) 

-e''^Rfy^,yiZv)liZy)] + iV^A) 



+ {V^A). 
For nix = ruy, we find 
1 



(64) 



r /"disc 
0/ D+ 



+ {V^A). 



R'x,^,i'{^v)l{Xv) 



(65) 



3. Quenched case 



SfpLn..,n. = r'^'vi^ - ^niiXv) + iV^ A). 



(69) 



Quencliing tlie sea quarks also affects the analytic 
terms. In the quenched version of Eq. ((36)) . there is no L4 
term of Eq. p6p . which is coming from the sea quarks. 



B. SU(2) chiral perturbation theory 

We obtain the SU(2) SChPT results from the SU(3) 
SChPT resuhs using the prescription of Ref. SU(2) 
chiral perturbation theory was developed in Ref. [42j and 
applied to simulation data for the taste Goldstone de- 
cay constants in Refs. (isl - lisj . The results of this sec- 
tion extend the results of Refs. [H, to the taste non- 
Goldstonc case. 



1. Fully dynamical case 



From Eqs. (gS]), gll), and (|45j), we obtain the con- 
nected contributions for the fully dynamical 1+1+1 fla- 
vor case (m„ 7^ rrid ^ rris): 

^flt = E + 2^(4) + KDb)) , (70) 



In the quenched case, there is no connected contribu- 
tion, Eq. ([55)1 . As explained in Refs. 0, El, quenching 
the sea quarks in the disconnected part can be done by 
replacing the disconnected propagator with 



D 



a, quench 



ucnch 



where 



ucnch 



Aiml + aq^)/3 if a = / 
Sa if a 7^ /. 



(66) 



(67) 



Here, note that la and La represent the squared tree-level 
masses of ii and II PGBs, respectively, while / represents 
the taste-singlet irrep. 

Replacing D^i with the quenched disconnected propa- 
gator in Eq. pO|) for nix 7^ niy gives 



Sf 



disc 

a( Yi+Xi 
6\Yi-Xi 

t2 



{l{Xj) - l{Yj)) - Xjl{Xj) - Yjl{Yi)} 
l(Xj) - l{Yj) • 



+ ^{/(x,) + f(r/) 



- 2- 



■} 



Yi-Xi 

+ laH'y{2liXy) + 2liYy) - e--'SM_^} 



+ {V^A), 



(68) 



(71) 



SfKi = -^T.9B{KDB) + l{7rt))- (72) 



For the disconnected contributions, we find from 
Eqs. dUl), dUl) and gH]): 

+ \^^S'yJ2{^Ru.o„{Xv)l{Xv) 



:^^o^(Xy)/(Xy)| 



2R 



1 2r/ r^VF Kw) - Kt^v) 

—a Of/Vy p; 



+ iV-> A), 



(73) 



U'd'y R^..^{Xv)l{Xv) + {V^ A), (74) 
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and 



U'S'y ^ R'i^o,,{Xy)liXv) + {V^ A). (75) 



X 



The connected contributions in the fuUy dynamical 
2+1 flavor case (m^ ~ <^ mg) are 



B 



(76) 
(77) 



For the disconnected contributions in the fully dynamical 
2+1 flavor case, we find 

Sft'" =^(4 - e^^){z(7ry) - ;(,yv)} + (.V^ A), (78) 

SfZ' + K^v) - Kvv) + iV^ A). (79) 



2. Partially quenched case 

Considering x and y to be light quarks {nis ^ 
TnmTndTmxTmy), the connected contributions to the de- 
cay constants in the partially quenched 1+1+1 flavor 
case can be obtained by dropping terms corresponding 
to strange sea quark loops from Eq. ([59|). Eqs. ([60|). ([63|) 
and pOj) give the disconnected contributions: 



r jrdisc 



E 



+ D'i.^.AZi)l{Zi) - 2RS3^o{Zi)1{Zi)] 
+ \aH'y[2DS,%^x{Zv)l{Zv) 

+ 2D^^o^yiZy)l{Zy) 

-e^^i?^?,o,(Zy)Z(Zy)} + (y^A) 

+ i{i?^.?o(X,)f(X,) + i?^^„(y,)[(17)} 

+ ^a2<5t.{i?^^o,(Xv)f(Xy) + R^^o^{Yy)liYy)] 



+ {V^ A), 



(80) 



and 



RSiio,j{Xy)l{Xy) 

J2D^^Xx(.Zv)l(.Zy) 



+ iV^A). 



(81) 



The connected contributions to the decay constants in 
the partially quenched 2+1 flavor case can be obtained 
by setting 7Ti„ — and decoupling the strange quark 
in the 1+1+1 flavor case, Eq. From Eqs. and 

(|63l). we find the disconnected contributions in the 2+1 
flavor case: 



E 



-R\y{Zl)l{Zl) 



+ \aH'y[2D\,^^x{Zv)l{Zv) 

+ 2Dl^y{Zy)l{Zy) 

~Q''^R\y^{Zy)l{Zy)] + {V ^A) 

+ -^[l{Xi) + {^i-Xi)l{Xi) 

+ /(i7) + (7r/-y/)f(rj)} 

+ \aH'y[Rl^{Xy)l{Xy) + Rl,^{Yy)l{Yy)] 

+ {V^A), (82) 



and 



+ {V ^A). 



ia%(4-e^^) 



Rxr){^v)l{Xv) 
Y.D\^^^{Zy)l{Zy) 



(83) 



Considering a; to be a light quark and y to be a heavy 
quark {nis, rUy 3> mu,md,mx), the connected contribu- 
tions to the decay constants can be obtained by drop- 
ping terms from Eq. (|59p corresponding to strange sea 
quarks and y valence quarks circulating in loops; i.e., 
only the xu and xd terms survive in the sum over Q. 
From Eqs. dHHl), dMl), and (gOl) (or ahernatively, Eqs. §UI 
and (|64p ). we find the disconnected contribution for the 
partially quenched 1+1+1 fiavor case. 



^/pr = iE 



D'^^oAZimj) 



+ 2a'S'yD'^':^o^^^{Zv)liZv) + (V ^ A) 
1 



+ ^K':oiXi)iiXi) 

+ ^a%R'^'^.^iXy)l{Xy) + {V^ A). (84) 
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For the 2+1 flavor case, we find 



E 



-a'5'yDl^^AZv)l{Zv) + iV^A) 



+ ^{l{Xj) + {nj-Xi)l{Xj)} 
+ la^S'yR%{Xv)l{Xv) + {V ^ A). (85) 



V. CONCLUSION 

Our results for the decay constants are given compactly 
by Eq. ^ with Eqs. dSf]) through ^] they reduce to 
those of Ref. [3l| in the taste Goldstone sector. The only 
new LECs are those parametrizing the analytic correc- 
tions proportional to a^; the SO(4)-violating contribu- 
tions are independent of those in the masses. As shown 
in Table U the factors multiplying the disconnected 
pieces of the propagators D^y^ differ from the coefficients 
in the taste Goldstone case, but no new LECs arise in the 
loop diagrams. In SU(2) chiral perturbation theory with 
a heavy valence quark, the chiral logarithms are the same 
in all taste channels; only the analytic G'{a?') corrections 



differ. 

Results for special cases of interest can be obtained by 
expanding the disconnected pieces of the propagators in 
Eq. PO)) . For the fully dynamical case with three non- 
degenerate quarks, the loop corrections in the SU(3) chi- 
ral theory arc in Eqs. Results in the isospin 
limit are in Eqs. ([5n|) - ([55|) . For the partially quenched 
case with three non-degenerate sea quarks, loop correc- 
tions in the SU(3) chiral theory arc in Eqs. (|59|) - (|63|) . 
Results in the isospin limit are in Eqs. ([M)) - (p5)) . For the 
quenched case the results are in Eqs. Results 
in SU(2) chiral perturbation theory are in Eqs. (|70p - ([7^ 
and Eqs. ([80|) -(|85 |) . These results can be used to improve 
determinations of the decay constants, quark masses, 
and the Gasser-Lcutwyler LECs by analyzing lattice data 
from taste non- Goldstone channels. 
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